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Adaptive Attitude Control of Spacecraft: Mixed H,/H,, Approach

Charng-Shi Wu* and Bor-Sen Chen’
National Tsing Hua University, Hsin Chu 30043, Taiwan, Republic of China

An adaptive mixed H,/H attitude control of nonlinear spacecraft systems with unknown or uncertain inertia
matrix and external disturbances is presented. The design objective is to specify a controller with a parameter
adaptive law such that the adaptive H, optimal control performance can be achieved under a desired adaptive
Hs disturbance attenuation constraint. It can be derived that the spacecraft model satisfies the properties of
linear parameterization and skew symmetry. An explicit solution to the adaptive mixed H,/H attitude control
problem can be obtained by combining nonlinear minimax theory and linear quadratic optimal control techniques.
Moreover, by virtue of the skew symmetric property of the spacecraft system and adequate choice of state variable
transformation, this adaptive control problem can be reduced to solving two algebraic equations instead of a pair
of coupled time-varying differential equations. Furthermore, with some simplification, a closed-form solution to
these two algebraic equations can lead to a very simple adaptive controller that can be viewed as a mixed H>/H
proportional and derivative controller with adaptive law. Finally, experimental simulation results based on the
Republic of China Satellite-1 spacecraft system are presented to demonstrate the effectiveness of the proposed

design methods.

Nomenclature

(b1, by, b3) = body fixed reference frame

(ey, e2,e3) = inertial fixed reference coordinates
total spacecraft angular momentum in body axes,
[l’ll ]’lz ]’l3]T, Jw

J = inertia matrix

(01, 0,,03) = orbital coordinatereference

P = weighting matrix of attitude state with respect
to the initial time

0 = weighting matrix of attitude state

oy = weighting matrix of attitude state with respect
to the final time

0, = weighting matrix of attitude state for the H,
performance

(Y, = weighting matrix of attitude state with respect
to the final time for the Hy, performance

0, = weighting matrix of attitude state for the H,
performance

Q> = weighting matrix of attitude state with respect
to the final time for the H, performance

r = filtered link of attitude state

Sai = saturation value of the ith actuator output torque

S = weighting matrix of parameter estimation error
for the H,, performance

S, = weighting matrix of parameter estimation error for
the H, performance

T = state-space transformation matrix

u = control torque vector

u, = mixed H,/H,, control torque vector

w = weighting matrix of control torque

W, = weighting matrix of control torque for the H,
performance

W, = weighting matrix of control torque for the H,
performance

x = attitude state vector

y = desired disturbance attenuation level

0 = attitude Euler angle, [0, 6, 65]7
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[vx] = cross product matrix associated with the vector
0 —V3 V2
v=[v wn V3]T, V3 0 —V
—V Vi 0
Ta = torque vector due to actuator, [T,; T, Tuz]”
T acro = aerodynamic disturbance torque vector
Ty = external disturbance torque vector
T = gravity gradient torque vector
T solar = solarradiation pressure disturbance torque vector
Q = boundedregion, {x € R® | —7/2 <6, < 7/2}
w = general angular velocity vector in body axes,
[0 @ 0)3]T
wy = orbital rate
Introduction

HE attitude control of spacecrafthas received extensive atten-

tion in recent decades, and several methods of the spacecraft
attitude control have been developed to treat this problem. Based on
linearization using coordinate transformation and nonlinear feed-
back, a controller for attitude control has been derived.! The feasi-
bility of applying the feedback linearizationtechnique to spacecraft
attitude control and the momentum management problem has also
been discussed?? A sliding manifold approach*® has also been
used for spacecraftattitude control. More relevant to this study, op-
timal control theory has been used for attitude control of spacecraft
systems.®~% The approach of H,, control has been applied to the
space station attitude and momentum control problem while taking
into consideration the linearized equations of motion.” Recently,
Chen and Wu'® developed a nonlinear H,, control design to treat
the spacecraftattitudecontrol problemunder parameterperturbation
and external noise.

Over the past 10 years, mixed H,/H,, optimal control has been
studied for linear systems.!!~!> The main purpose of this type of
control is to design an H, optimal control for the worst-case exter-
nal disturbance whose effects on system output must be attenuated
below a desired value, that is, to design an H, optimal control un-
der the H,, disturbance attenuation constraint. This control design
is very suitable for the optimal control problem of systems under
uncertain external disturbance. Along this line, based on the non-
linear two-player Nash differential game theorem, Wu et al.!® also
developed a unified design for H,, Hy,, and mixed H,/H,, attitude
control of spacecraft.

However, in a practical situation, system parameter variations
such as those generated by payload motion, vehicle docking, the
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rotation of solar arrays, and so on, are inevitable. One can develop
an adaptive scheme that will continuously adjust controller gains to
compensate for parameter uncertainties and environmental effects
to ensure stable and robust performance. For this problem, adaptive
attitude control has been presented for spacecraft systems.!” 2>

In this paper, we design an attitude controller with a parameter
adaptive law so that the adaptive H, optimal control performance
can be achieved under a desired adaptive H,, disturbance attenu-
ation constraint when the inertia matrix of spacecraft is uncertain
(or unknown) and an external disturbance exists. A pair of cou-
pled time-varying differential equations with an adaptive constraint
must first be solved to design the controller. By an adequate choice
of a state transformationand use of the skew-symmetric property of
spacecraftsystems, two time-varying coupled differentialequations
can be transformed into two correspondingalgebraic coupled equa-
tions, and the adaptive constraint holds. Then, through Cholesky
factorization (see Ref. 23), these two coupled algebraic equations
can be solved easily. As a result, the structure of the controller be-
comes very simple and can be viewed as a mixed H,/H,, adaptive
proportional and derivative (PD) controller with the control gains
depending on the disturbanceattenuationlevel y, which is assigned
according to mission requirements.

Mathematical Model and Problem Formulation

Spacecraft Model

Consider a spacecraft moving in a circular orbit. The coordinate
systems used in the attitude control are shown in Fig. 1. The inertial
fixed reference coordinates, e, e,, and e3, with their origin at the
center of the Earth are used to determine the orbital position of
the spacecraft. The orbital coordinate reference, 0, 0,, and o3, is
rotating about the 0, axis with respectto the fixed inertial coordinate
systeme,, e,, and e; at the orbital rate wy. The axes of this reference
frame are chosen such that the roll axis o, is in the flight direction,
the pitch axis o, is perpendicular to the orbital plane, and the yaw
axis o3 points toward the Earth. The last reference system used is
the body-fixed reference frame, by, b,, and b;. The orientation of
the spacecraft with respect to the reference frame, o,, 0,, and 03,
is obtained, in this work, by a yaw-pitch-roll (6;-6,-6,) sequence
of rotations. The origins of both orbit coordinates and body-fixed
coordinates are at the center of mass of the spacecraft.

The nonlinearequations of motion, in terms of components along
the body-fixed control axes, are given by the attitude kinematics and
the spacecraft dynamics and can be written as?**

w = R(6)0 — w.(6) 1)

for attitude kinematics and

Jo=[hx]lo+1,+1,+ 1 )

orbit

Fig.1 ROCSAT-1spacecraft and coordinatesystems used in the space-
craft attitude control.

for spacecraft dynamics where

1 0
R@®)= |0 cosé6

0 —sinf; cos6; cosbH,

—sin 6,

sinf, cos 6,

cos 6, sin 65
w.(0) = wy| cosB;cosb; 4 sinf; sin b, sinb;

—sinf; cos B3 + cos 6, sin b, sin b3

Jiuo Ji Jis
J=1{Ju Jn JIn|, T = Sw(zj[cx]Jc
B I U
with
—sin 6,
¢ = | sinf; cosb,
cos B cos b,

and Td = Taero + T solar-
Remark 1: If the control torque is limited by the saturation of
actuator, the spacecraftdynamics (2) is of the following form:

Jo = [h X]w + Tg + Ta,sat + T aero + T solar (3)

where Ta,sat = [Sat(‘ral) Sat(‘raZ) Sat(‘rcﬁ)]T
and

Sa[» Tai = Sa[

Sat(‘ra[) =\ Tais |Ta[| < Sa[ for i=1,2,3

_Sa[» Tai = _Sa[

To apply the proposed design method, the dynamic equation
(3) can be put into the form of Eq. (2) with T, = Tser0 + Tsolar +
Tasat — Tq- In this situation, the deviation T, , + 7T, can be consid-
ered as a part of the external disturbance. O

Remark 2: This description of Eq. (1) is defined for all 6,, 6,,
and 053 except 6, ==£(2n+1)(/2) for any integer n. The sin-
gularity [i.e., the determinant of matrix R(6) becomes zero at
0, =+(2n 4 1)(;r/2)] arises owing to the choice of the set of ro-
tations that define the orientation of the spacecraft relative to the
orbital frame. However, when the orientation corresponding to the
singularity at 6, = /2 lies in the control region of attitude angles,
anotherset of rotations can be defined to eliminate this singularity¢
In this paper, we are interested in the attitudes in the bounded
region 2. O

Differentiating Eq. (1) gives

. . [a . [d
©= RO+ [aR(Q)}) - [awc(e)} )

Substituting w and @ from Eqs. (1) and (4) into Eq. (2) and premul-
tiplying Eq. (4) by the matrix R” (), we obtain

M@®)6+C,0)0+G0,0)=u+d )
where

M(@®) = RT(6)JR(6)

C@©,6)= RT(H)J[%R(H)} — RT(0)[hx]R(0)

G©,60) = —RT(H)J[%a)C(Q)} + RTO)[hx]w.(0)

—3wiRT (O)[cx e

u=R"O)T,, d=RT®)T,
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In this paper, we considerthe nonlinearspacecraftmodel in Eq. (5)
under the following assumption.

Assumption: The nominal inertia matrix J is an unknown con-
stant and is symmetric positive definite. Moreover, the external
disturbance 7, is bounded but unknown. O

Properties: Under the preceding assumption, the spacecraft sys-
tem (5) has the following properties.

1) The matrix M (#) is symmetric positive definite.

2) The matrix £(d/d0)M (9) — C(6, 0) is skew symmetric,” that
is,

Vx € R? 6
2dr *e ©)

1d .
xT|:——M(9) —-C(, 6):|x =0,
3) The spacecraft parameter matrices M, C, and G form the
following linear parameterization property

M@©)y+C@O,0)y+G@©,0) = 00,0,y )¢ (7)

where &=[J;, Jio Jiz Joo Jo3 J33]7 denotes the unknown
constant parameter vector and the known regression matrix
® (0,0, y,y) is described in the Appendix.

Problem Formulation

In general, precise knowledge about system parameters M, C,
and G is required while calculating an appropriate applied torque
T, inthe mixed H, / H,, attitude control problemof the given space-
craft systems.!® In this paper, we deal with the adaptive mixed
H,/H,, attitude control problem of the given spacecraft systems
under unknown inertia matrix J and external disturbance 7. In this
case, the control law must be identified and adapted to the operation
conditions.

If we define the controlled state as follows

_|? )
S

and introduce a filtered link of state r and a state-space transforma-
tion matrix T' as

r=x0+ A0 (9a)
MGy Alpy

T=|: 14£3x3 243 3i| (9b)
I3><3 03><3

for some positive constants A; and A,, which should be adequately
determined later, then we have

F=—M"0)C®O,0)r + 1M @O){P[6,0, (L /12)6,

(M /22)01€ +u + d} (10)
where
D(x, 1) € =D[6,0, (AM/12)8, (A /1,)0] €

= (M/A)M©B)0 + (1 /2,)C(0,0)0 — G, 0)

Thus, by Egs. (8-10), the dynamic equation of the spacecraft
attitude control system can be obtained as

xt)=T"" [;Zﬂ =Ar(x,t)x

+ Br(x,)[P(x, 1) § +ul + Br(x, t)d (11)
where
Ar(x,t) =

[ 03><3 ) [3.><3 i|
—M/A)MNO)CO,0) —M'(O)CO,0) — (Ai/r2) ]33

03«
e[

If the following applied torque is selected,
u=u,— o, 1é (12)
then the dynamic equation driven by the control torque u, becomes
%= Ar(e 0x+ Brx, [0, € +u, +d]  (13)

where £ =: £ — £ denotes the estimation error.

Formally, the adaptive attitude control problem that is consid-
ered in this paper for the dynamic equation of spacecraft system in
Eq. (13) can be stated as follows.

Adaptive Mixed H, /H, Attitude Control Problem

Consider the nonlinear spacecraftdynamic system (13). Given a
desired disturbance attenuation level y > 0 and weighting matrices
01, Q», Wy, and W, the adaptive mixed H,/H,, attitude control
problemis said to be solved if there exists a control law u, () and an
adaptive law of £(¢) such that the following H, (quadratic) optimal
attitude control performance'! =%

ue(r) € La[0,14]

min |:xT(t/-)Q2/-x(t/) +éT(f/)Szé(t/)

tf
+ f [x7 () Qax(t) +ul (1) Wou, (1)) dt:| (14)
0

can be achieved for all 7, € [0, 00) and for some positive-definite
matrices Q»; = 07, >0 and S, = S] > 0 under the following H.
disturbance attenuation constraint:

xT(t/-)QU-x(t/-)+§T(t/-)S1§(t/-)+/ [xT(t)le(t)
0

+ul (Wi, (1)] dr < x7(0)Px(0) + €7 (0)S,£(0)

1y
+y2/ d"(r)d(r) dr Vd(t) € L,[0, t/] (15)
0
for some positive-definite matrices Q1 = QIT/. >0, § =57 >0,
and P = PT > 0. That is, not only the H, optimal attitude control
performance is achieved, but also the effect of disturbance d(¢) on
the state x(¢) and control #, () must be attenuated below a desired
level 2 from the energy point of view. O
Remark 3: Let

~ ~ If
Ji(u., d) =xT(t/-)Q1/-x(t/-) + §T(t/)51§(t/) + / [xT(t)le(t)
0
+ul Wi, (1) — y*d" (1) d(1)] dr (16a)
D, d) =x"(t;) Qapx(ty) + € (1) S:€(ty)

tf
+ f [x7 (1) Q2 x(t) + ul (1) Wau, (1) ] dr (16b)
0

Then, the adaptive mixed H,/H,, attitude control with both perfor-
mances (14) and (15) is equivalent to find the control law u} (x, 1),
the adaptive law of £(x, t), and the worst-case disturbance d* (x, t)
such that?®

Luree, 0, d e, 0] = 1 [uree,0),d]  VdeL,[0,1,] (17a)

DLlute, ), d* @, 0)] < blu., d* @, 0] Yu, e L,[0,1,] (17b)
This mixed performance with parameter estimation can be viewed
as an adaptiveattitudecontroldesign approachthat minimizes an H,
cost functionunderthe H,, disturbanceattenuationconstrainton the
spacecraft attitude controlled system associated with the unknown
parameter and external disturbance. O

By use of a state transformation and the property of symmetry,
the given adaptive mixed H, /H.,, attitude control problem is solved
as follows.
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Adaptive Mixed H,/H. Attitude Control Design

Sufficient Conditions of the Adaptive Mixed H,/H ,
Attitude Control Problem

In this section, we present sufficient conditions for the existence
of the solution of an adaptive mixed H,/H,, attitude control prob-
lem. For the convenience of design, we take W, =W, =W and
S; =8, = § throughoutthis study. By using the standard technique
of completing the squares, we have the following theorem.

Theorem: For the dynamic equation of spacecraftattitude control
systemin Eq. (11), if the adaptivemixed H,/H,, controllaw u*(x, t)
is chosen as

w(x,t) =u(x, 1) — O, 1) E(x, 1) (182)

where
w'(x,t)=—W'BI(x,) Py(x,t) x (18b)
£.1) = ST (v, ()BL (x, 1) Pa(x, 1) x (18¢)

and P;(x, t) and P, (x, t) are the solutions of the following coupled
time-varying differential equations

Pi(x, 1) + Py(x,)Ar(x, 1) + Ar (e, 1) P (x, 1) + Q,
—[Pi(x,t)Br(x,t) Py(x,t)Br(x,1)]

_ 2 —1 T

e w Bren)"Pen] _ o (o
w-! —W= | By (x, )T Py(x, 1)

Py(x,t) + Py (x, ) A (x, 1) + Ap (x, ) Py(x, 1) + Q5
—[Pi(x,1)Br(x,1) Py(x,1)Br(x,1)]

« 033 (=1/yHLxs | [ Brx, )T Pi(x, 1)
(=1/y) 35 w-! Br(x, )" Py(x, 1)

(19b)

and the adaptive constraint

BI(x, 1) P (x, 1) = BE(x, 1) Py(x, 1) (19¢)

with P(x, 1) =P (x,1) >0, Py(x,1)=PJ(x,1) >0, and the ter-
minal conditions Py [x(t), t;]1= Qi and P,[x(ty), t;] = O, then
the adaptive mixed H,/H,, attitude control problem (17a) under
(17b) is solved by Egs. (18a-18d). Also, the worst-case disturbance
d*(x, 1) is

d*(x,t) = (1/y*)BL(x, ) Pi(x, t) x (20)
O

Proof: Let us first consider the cost function J,(u,,d) in
Eq. (16b). Obviously, it can be rewritten as

- - 'f
Jz(umd)=xT(f/)Q2/x(f/)+§T(O)S§(O)+/ |:xT(f)Q2x(f)
0

+ul (HWu, (1) + %[xT(t)Pz (e, Dx (1) + ET(t)Sé(t)]i| dt

—x" (1) Po[x(ts), t]x(t7) +x" (0) P[x(0), 0]x(0)
By the terminal condition P>[x (), t;]= O, we obtain

D, d) =x"(0)P[x(0), 0]x(0) + £ (0)SE(0)
1f
+ / [xT(t)sz(t) +ul (Wu, (1) +x7 (1) Py(x, 1) x(t)
0

+xT () Py(x, Dx (1) +x7 (1) Py (x, 1) x(1)

+ET (1) SEM) + €T () SEWM) ] dr @1

Substituting the dynamic equation (13) into Eq. (21) leads to
N (.. d) = x" (0) P2[x(0). 0]x(0) + " (0)SE(0)

ty
+ f (X" O[Pox, 1) + Py, A7 (x, 1) + AL, 1) o (x, 1)
0

+ Qz] x() +ul OWu,(t) +ul (t)B] (x,1)Py(x, 1) x(t)
+x"(t)Py(x, £) Br (x, £) u,(t) + d" (t) BL (e, t) Pa(x, £) x (1)
+x7 () Poe. 1) By (e, 1) (1) + €7 () SE) + €1 (0 SED)
+ET(1)D" (x, 1) BE (x, 1) Py(x, 1) x(1)

+xT (1) Py (x, 1) Br (x, )@ (x, NE) } (22)

Thus, by the worst-case disturbanced*(x.t) in Eq..(20), the
adaptive law £(x, t) in Eq. (18c) given that £(x, t) = —€(x, 1) and
the differential equation (19b), we have

Llue.d*x,1)] = x" (0) P[x(0), 0]x(0) + £ (0)SE(0)
1f
+/ {[wc) + W' BL &, ) P e, ) x(1)]”
0

x W[u (1) + W' BL(x, 1) Py (x, ) x(1) ]} dt (23)
which, by the control law in Eq. (18b), results in

Dluree, 1), d* (e, 0)] =x7 (0) P> [x(0), 01x(0) + £ (0)SE0) (24)
Then, we have

Llute, ), d @, 0)] < blu,d* @, 0] Yu)eL0,1/]

(25)

Similarly, the cost function J; (u,, d) in Eq. (16a) can be rewritten
as

Jy(u,, d) = x" (0) P, [x(0), 0]x(0) + £ (0)SE(0)
f
+/ (X" O[ Py, 1) + Pi(x, ) A7 (e, 1) + AT (x, ) Py (x, 1)
0

+ Ql]x(t) +ul ()Wu,(t) +ul (1) BL (x, 1) P (x, 1)x(t)
+x"(0) Py (x, 1) Br(x, ) u, (1) — y* d" (1) d(r)

+d" () B (x, 1) Py (x, 1) x(t) + x7 (t) Py (x, 1) By (x, 1) d(7)

+ET()SEW) + €T ()SEW) + € ()7 (v, 1) B (x. 1)

x P (x, )x(1) +x7(t) P (x, 1) By (x, N (x, NE®) } dt - (26)
It can be deduced from the differential equation (19a)A the op-
timal control u}(x,?) in Eq. (18b), the adaptive law £(x, ) in
Eq. (18c), and the relation in Eq. (19¢) that

Ji[ui@, 1), d] =x0)P[(x(0), 01x(0) + &7 (0)SE(0)

L 1 T
- / |:y d@) — 7B; (x, )P (x, t)x(t)i|
0

x |:y d(r) — %BTT(x, 1P (x, t)x(t)i| } dr 27)
Then, we can conclude that
I [ @, 1), d*x, )] = x7 (0) Pi[x(0), 0]x(0) + €7 (0)SEO)  (28)
Luree, v, d* e, 0] = J[u@x,0,d],  Vd@) e L0, 1]
(29)
QED
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Remark4: Part 1 of Remark 4 is as follows. If only the adaptive H,
optimal attitudecontroldesignis considered,the desireddisturbance
attenuationconstraintis negligible, thatis, y = oo. In this situation,
the adaptive H, control law is given as

w (x, 1) =ul(x, 1) — dx, NEX, 1) (30a)

where
ui(x,t) = =W 'BI(x,)P(x, ) x(t) (30b)
é(x, 1) =ST'®" (x, 1) BI (x, 1) P (x, 1) x(1) (30¢)

and P(x,1)=PT(x,t) >0 is the solution of the following time-
varying differential equation:

P, 1)+ Px, DA (x, 1)+ A (x, ) P(x,1) + Q
—Px,)B;(x, )W 'B{ (x,)P(x,1) =0 (31a)
Plx(t), t;]1= 0y (31b)

This result is the same as the time-varying differential equation in
Eq. (192) or Eq. (19b) with

Px,t) =P (x, 1) = Py(x, 1)

Q/' = Ql/' = Q2/

0=0,=0,

Part 2 of Remark 4 is as follows. If only the adaptive H,, atti-
tude control design is considered, the criteria (17a) and (17b) are
combined into the following dynamic game problem?®-3:

Jure,n),d] < Jure 0, d* @.0] < J[u., d*x 1] (322
with
N N g
J(u,, d) =x"(t;)Qx (t/)+§T(t/)S§(t/)+/ [xT(t)Qx(t)
0

+ul OWu, () — y*d" (1) d(n)] dr (32b)

In this situation, the solution of the adaptive H,, attitude control of
the spacecraft system is given as

Wi, 1) =u'(x, 1) — dx, HEX, 1) (33a)

where
w (x,t) = W' B (x, ) P(x, 1) x(1) (33b)
Ex.) =S50 (x, BT (x, )P (x, 1) x(t) (33¢)

and P(x,1)=PT(x,t)>0 is the solution of the following time-
varying differential equation

Px,0)+ Px,DAr(x, 1)+ Ar(x, ) P(x,t) + O
— P, t)Br(x, D)W —(1/y») 1Bl (x,t) P(x,t)=0  (34a)

Plx(tp), t;]1 = Qy (34b)

This result is the same as the time-varying differential equation
in Eq. (19a) with P(x,t) = P (x,t) = P>(x,1), 0=Q;,and O, =
Qiy. O

From the preceding analysis, the main work in the design of
adaptive mixed H,/H,, attitude control of the spacecraft system
is reduced to solve the time-varying coupled differential equa-
tions in Eqs. (19a-19c). Furthermore, because the coefficient matrix
By (x,t) in Eq. (11) is unknown, the control law and the adaptive
law in Egs. (18b) and (18c) can not be employed directly and need
to be derived further.

Solution of the Time-Varying Differential Equations

In general, however, it is difficult to solve P;(x, t) and P, (x, 1)
in the coupled time-varying differential equations (19a) and (19b),
especially satisfying the adaptive constraint in Eq. (19¢) simul-
taneously. Fortunately, in the spacecraft system, the differential
equations (19a) and (19b) can be further simplified to algebraic
matrix equations by adequately selecting the nonlinear function
matrices P;(x,t) and P,(x,t) and by using the skew-symmetric
property in Eq. (6). Moreover, with the selected matrices P, (x, 1)
and P, (x, 1), condition (19¢) can be satisfied.

Because state transformation(9b) has beeninvolvedin the process
of design, without loss of generality, we suggest that the solutions
Py (x,t) and P,(x, t) of the coupled differentialequations (19a) and
(19b) can be put in more explicit forms as follows:

Kl 03><3

Py(x,t) =T'BM(x,1)B'T + [
03><3 03><3

:| (35a)

K, 05,
Py(x,t) = TTBM(x,)BTT + [ 2
03><3 03><3

i| (35b)

where K; and K, are some positive-definite symmetric constant
matrices and B =[13,3 03,3]". In the following paragraphs, it is
demonstrated that, under some conditions, these suggested matrices
Py (x,t) and P,(x, t) are the solutions of differentialequations (19a)
and (19b). Furthermore, the constant matrices 7', K|, and K, canbe
solved from a pair of coupled algebraic equations.

Considerthe secondand third terms on the left-hand side of differ-
ential equations (19a) and (19b). Using the skew-symmetric prop-
erty in Eq. (6) and the selected relations in Egs. (35a) and (35b), we
get

: , [om K, }
P(x,t)+ P (x,))Ar(x, 1)+ AT(x, )P (x,1)=

K, 033
(36a)
Py(x, 1)+ Py(x, DA7(x, 1) + AL (x, ) Py(x, 1) = [03 o K }
Ky 0343
(36b)
It can also be easily checked that
Bl (x,t)Pi(x,t) = 3,B"T (37a)
BI(x,1)Py(x,t) = MB™T (37b)

which satisfy the condition in Eq. (19¢).

By the use of the results of Egs. (36a-37b), coupled differential
equations (19a) and (19b) can be reduced to the following coupled
algebraic equations:

[om K,

1
—MTTB(W-!'——=1,4)|B'T=0 (38
K, 03><3i| + > ( y? e (38a)

[om K,
K2 03><3

2
} +Q2—A§TTB(W‘1 ——213x3)BTT =0 (38b)
y

In addition, the optimal controllaw, adaptivelaw, and the worst-case
disturbance can be rewritten as

wix, 1) = —,Wr@) (39a)
é(x, 1) = rST el (x, H)yr () (39b)
d* e, 1) = (ha/y?)r (39¢)

where r(t) is in Eq. (9a). It is obvious that Egs. (38a-39c) are all
based on known matrices or variables and are applicable. From the
preceding analysis, matrices P, (x, t) and P,(x, t) in Eqs. (35a) and
(35b) are the solutions of coupled differential equations (19a) and
(19b) if matrices K|, K, and T satisfy coupled algebraic equations
(38a) and (38b) simultaneously. Furthermore, the positive-definite
symmetric property of K, and K, must be satisfied. To guarantee
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the solvability, further assumptionsand constraintson the weighting
matrices Q1, Q,, and W are required.
For the simplicity of design, let

W=“213x3, S="0blss, 0, =a0, (40)

where a >0, b >0, and o > 0 and the positive-definite symmet-
ric matrix Q, can be factorized by the Cholesky factorization (see

Ref. 21) as
2 / Q
Q] q]] ;x3 12 ( l)

2
12 q2213><3

With the definitions of 7 and B in Eqgs. (9b) and (11) and the forms
in Egs. (40) and (41), the coupled algebraic equations in Eqs. (38a)
and (38b) can be solved by the following equalities:

Vayqu

)\.1 = (423.)
4 q3,(y? —a?)
ho = 225, (42b)
qi1
]/2 _ 25{2
K\ =qu92l.3— 0 (42d)
K, = aK, (42¢)

withO<a <y/y/2and Q1» < g11gnls 3.

From this analysis, the solution to the adaptive mixed H,/H.,,
attitude control problem is concluded in the following corollary.

Corollary: For the adaptive mixed H, / H,, attitude control, given
a desired disturbance attenuationlevel y > 0, let the weighting ma-
trix W, S, Oy, and Q, be taken as in Eqgs. (40) and (41) with o
satisfying the requirementin Eq. (42c) and Q1 < q119215 « 3. If the
constant a in the weighting matrix W satisfies

0<a<y/«/5 (43)

then the following adaptive mixed H,/H., control law solves the
adaptive mixed H,/H,, attitude control problem

Wi, 1) =u'(x, 1) — dx, HEX, 1) (44a)
where
* N A ;
u,(x,1) = am(4119+4229) (44b)
A Ll]/ T .
Ex, 1) = D" (x, 1)(q110 + g220) (44c¢)

by/y? — a2

Also, the worst-case disturbance is
d*(x, 1) = (a/yV/y? — @) (@0 + 4x) (44d)
O

Remark 5: The designed optimal control law in Eq. (44b) can be
viewed as a PD control law

wi(x,1) = K,0 + K0 (45)

with the control gains K,=—yq /[a/(y*—a?)] and K, =
—yqn/la/(y* —a?)], both of which are adjusted by the attenu-
ation level y according to the mission desired. O

Design Algorithm

Based on the preceding discussion, the proposed spacecraftadap-
tive attitude control design can be outlined as the following design
algorithm.

The adaptive mixed H,/H,, attitude control design algorithm
consists of three steps:

1) Choose a desired level of disturbance attenuation, y > 0.

2) Select the weighting matrices, W =a’I;,; and S =bls .,
such that0 <a <y //2and b >0

0 _|:C112113x3 O, i|
L=
Q1T2 q§213><3

with Q15 < g1 gnlsxs and O =[(y* — 24°)/(y*> — a®)] Q.

3) Obtain the corresponding adaptive mixed H,/H,, applied
torque associated with the update law for the spacecraft system
in Egs. (1) and (2)

7= R‘T<9)[— L

ay/y? —a?

£ = —L 0T (x.1)(q160 + gnb) (46b)

by/y? — a?

where the regression matrix ® (x, ) is defined in the Appendix. O
Remark 6: By following Remark 4 and using the same techniques
as in the preceding paragraphs, we have the following results.
1) For the adaptive H, attitude control design case, the applied
torque and the update law for the spacecraftsystem in Egs. (1) and
(2) are

(g0 + g2n8) — O (x, t)é:| (46a)

7, = R7TO)~(1/a)(g10 + gnb) — dx,HE]  (47a)

£ = (a/b)®" (x, 1)(q1i8 + g226) (47b)
witha >0 and b > 0.
2) For the adaptive H,, attitude control design case, the applied

torque and the update law for the spacecraftsystem in Egs. (1) and
(2) are

., =R77(®H) |:— z 2(4119 +q229)—®(x,t)é:| (48a)
a

Vyr—a

A ay r .
§=—F——0 (x,1)(qn0 +g2.0) (48b)

b\y? —a?
withO<a <y anda > 0. O

Simulation Results

The experimentalsimulationson the Republic of China Satellite- 1
(ROCSAT-1) spacecraft(Fig. 1) have been made with the assistance
of the National Space Program Office in Taiwan, Republic of China.
To substantiate the performance of the adaptive mixed H,/H,, at-
titude controller design, we consider the unknown inertia matrix of
the form

Ju Jn Jis
J=1Jo Jn I3
Jiz Jn s

and the unknown parameter vector to be estimated is &=
[J]] J]z J]3 122 123 J33]T with the initial value 5(0) =
[126.98 —1.87 3.38 116.63 —2.40 209.36]T. By Eq. (7), we
can calculate the regression matrix ®[6, 6, (A;/12)6, (A1/1,)6]
of dimension 3 x 6 (see the Appendix). The orbital rate for the
ROCSAT-1 spacecraft at its nominal 600-km circular orbit envi-
ronment is wy = 0.0011 rad/s. The external disturbances 7 .., and
Tl 10 the body frame are shown in Fig. 2. We consider that
the attitude state x =[6 6]” of spacecraft, with initial values at
6(0) = (7 /45, /45, £ /45)T and 9(0) = (0, 0, 0)7, is required to
decay to zero. Moreover, for the ROCSAT-1 spacecraft, the out-
put torque vector of the reaction wheel is limited in amplitude due
to saturation. Thus, we set the saturation values S,; =0.015 N - m,
i=1,2,3inEq. (3).

Simulation 1

To verify the ability for disturbance attenuation of the proposed
method, three cases of control designs are considered: adptive H,
attitude control design, adaptive H,, attitude control design, and
the adaptive mixed H,/Hattitude control design. In all cases, we
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Fig.2 External disturbances T,ero and 7go1ar of the ROCSAT-1 spacecraft at its nominal circular orbit environment.
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Fig.3 Attitude angles: ——, for adaptive H; (a = 0.6); —--, for adaptive Hw (v =0.6,a = 0.42); and - - - -, for adaptive mixed Hy/H (v =0.6,a =0.5,

a =0.3464).

choose the weighting matrix S to be the identity matrix /g » 6, that
is, b = 1. Other simulation parameters are selected as follows:

1) For case 1, adaptive H, optimal attitude control, selecta = 0.6
and Q = I 6.

2) For case 2, adaptive H,, attitude control, select y =0.6, a =
0.42,and Q =I5, ¢.

3) For case 3, adaptive mixed H,/H,, attitude control, select
y =0.6, 0, =I5, ¢,and a = 0.3464. Then, from Eq. (42c), we select
a=0.5.

For the adaptive H, optimal attitude control case, the applied
torque and update law in Egs. (47a) and (47b) are used. For the
adaptive H, attitude control case, the applied torque and update law
in Egs. (48a) and (48b) are used. For the adaptive mixed H,/H,,
attitude control case, the applied torque and update law in Eqs. (46a)
and (46b) are used. The simulation results are shown in Figs. 3-7.
The attitude angles 61, 6,, and 65 are represented in Fig. 3, and the
attitude angle rates 6y, 6,, and 6; are depicted in Fig. 4 for the pre-
ceding three cases. As the results of these three proposed methods
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reveal, the adaptive mixed H,/H, attitude control causes quicker
decay responses and has superior ability to diminish the effect of an
external disturbance under unknown parameters. These results can
be expected because the adaptive mixed H,/H,, attitude controller
is designed to achieve the adaptive H, attitude control under an
adaptive H,, disturbance attenuation constraint. Furthermore, the
adaptive H, attitude controller causes the fewest disturbance atten-
uation abilities (with respect to slower decay responses) among the
three methods. This is reasonable because the adaptive H, attitude
controlis designed withoutconsiderationof the externaldisturbance
and, therefore, does not, in general, guarantee any robust perfor-
mance in the face of disturbance. The simulation result in Fig. 5
shows the steady-stateresponse of attitude angles 6,, 6,, and 6; over
t =6000s. It can be found that the effects of external disturbancesto
the attitude state are attenuated,even when the external disturbances
are at a maximum at # = 3000 s. The attitude control performance

iy
/ xT (1) Ox(t) + ul (t1)Wu, (1) dr
0

is plotted in Fig. 5 for the three cases. The applied torques 7y, 7,
and T3 are represented in Fig. 7. It can be seen that the controller
that produces better performance (as the adaptive mixed H,/H,,
attitude controller) takes larger control torque in amplitude. This is
a tradeoff problem between the attitude control performanceand the
amplitude of control torque. These simulation results show that the
performance of the adaptive H,, attitude controller is better than
the performance of adaptive H, attitude control and worse than the
performance of adaptive mixed H,/H., attitude control.

Simulation 2

To illustrate the robust capability of disturbance attenuation of
the proposed adaptive mixed H,/H,, attitude control design, the
adaptive mixed H,/H,, attitude control torque and update law in
Egs. (46a) and (46b) are designed to possess the following three
different disturbance attenuation levels:

1) For case 1, select y =0.8, Q, = I, and a =0.462. Then
a=0.5.

2) For case 2, select y =0.7, Q, =I5, and a =0.404. Then
a=0.5.

3) For case 3, select y =0.6, O =I5 4, and a =0.346. Then
a=0.5.

The simulationresults are shown in Figs. 8 and 9 for the attitude
angles and the performance

ty
f X" Qix() +ul (t)Wu,(t)dt
0

respectively. It is obvious that a smaller y may yield a better per-
formance [lower cost function J; (u,, d)] in attenuating the effect of
external disturbancesd (t).

Conclusions

This paperpresentsan adaptivemixed H, / H, attitude controlde-
sign of the nonlinear spacecraftsystem with an external disturbance
anduncertaininertiamatrix. In practical situations, the inertiamatrix
is uncertain and external disturbance is inevitable. By the adaptive
control method, the uncertain parameters are estimated. Then, by
the mixed H, and H, controllerdesign, the effect of an external dis-
turbance to the spacecraftattitude can be restrained and the attitude
state, as well as consumed energy of the controller, is minimized.
Unlike the conventional nonlinear mixed H,/H,, control design,
which is based on solving two coupled differentialequations,a gen-
eral solution can be obtained by the method proposed in this paper
via skew-symmetric property and state transformation techniques.
The structure of the controlleris very simple and can be viewed as
an adaptive PD controller with the controller gains depending on
the disturbance attenuation level y, which is assigned according to
mission requirement. According to the simulation results, the adap-
tive mixed H, /H,, attitude controllerhas greater ability to diminish
the effects of an external disturbanceto achieve better performance
than the adaptive H, attitude controlleror the adaptive H,, attitude

controller. Moreover, from the control laws in Eqs. (46a) and (48a),
we could see that both equationsare the same with the exceptionthat
they differ in the constraints on y, that is, H,, control with y > a
but mixed H,/H,, control with y > ./(2)a. We can conclude that
the solutions of the mixed H,/H,, control are contained in the so-
lutions of the H,, control. Furthermore, the adaptive mixed H,/H,,
attitude controller achieves robust performance for the spacecraft
attitude control systems. From the experimental simulation results
on the ROCSAT-1 spacecraft system, the proposed design algo-
rithm exhibits significant advantages for the attitude control of the
spacecraft system under unknown parameters and a large external
disturbance.

Appendix: Determining the Regression Matrix
By Eq. (7), the regression matrix ®(x, t) =[¢;;] fori=1,2,3
and j=1,2,...,6canbe determined as

G =1 — Sy — C'29.2)73 + B,

$ra=c1y + 51695+ 51(A — él))’z + (916'16'2 - 923132
—C10AN)ys + By — wy(s103 — €15253) A,

— Ay — [316'2(91 —A)

+6:¢15:]y3 + By — wo(cics + 515253) A

b3 = —s1 )t ci6y; — Cl(él

1 = 51422 — 102 Ary3 — wo(5163 — €15253) Az

$15 = (c1Az +51A3)y2 — (1 A3 — s1A2)C2y3 — ol (cic3
+515283) Ay + (5163 — €15253) As]

$16 = C1A3y2 + 510A3Y3 — wo(c163 + 515253) As

2 = 1A 1Yz — wps53 4,

$n =1y — sy — 1Ay — (Clczéz — Ay — 515A1)y3
+ Bicy + wpleaszsi Ay — s2534,]

¢ = =191 + 51993 — LAY + (510202 + 2 A3 + 152413
— Bisi + wop(c1c253A1 — 5283 A3)

P = 6'12572 +c15162)3 — 1Ay — $1¢161y2 + [€1(c16261 — 515202)
+51524,]ys + Bacy + wosica834,

¢rs =—2c1851y2 + C‘z(C% - S12)573 — (1A +5143))
+(s12 - clz)él Y2 + [—261slczél + 52 (sl2 - 612) 0, + (515,45
+C132A2)]Y3 — Bysi + Bicy + aneyss(c1 Ay + 5143)

26 = 312572 — 51C16,y3 — €1 Azy, + 316'191Y2 + [ (slczél + Clszéz)
+c153A3]y3 — Bssi + woci02834;5

¢31 = =5y + 322573 —C Ay, + Czszézk — Bs; + wyc034,

32 = $160Y1 — 0102 — 251926203 + €1 Ay, + (s1s2é1 — 5154,
—CA)y + [—Clczszél +5 (S§ - C%)éz])@ + Bysi¢; — Bysy
+awgleacs Ay + (515263 — €153) A4 ]

b3 = C102¥1 + 515291 — 2010253 — 10411 + (€120 — €154,
— A3y, + [316'23291 + ¢ (S§ - C%)éz]k + Bicicy — B3sy
+awoleacs Az + (c18203 + 5153) A4 ]

¢34 =s1c100, + 3126'5573 + 1Ay — (s1s2A2 + S%C'zél)h
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+5102(C10201 — 515202)y3 + Basi¢a + wo (515203 — €153) As
P35 =0, (612 - 312)572 + 2s1C'1C'§573 — (514 — 1 Az)y, — [26'1316'291

+52(5143 + 1Ay + [65(612 - slz)él - 26‘1316'23292]Y3

+ Bycicy + Bysicy + wol (515263 — €153) As

+ (€15263 + 5153) Ay

P36 = —C151C2), + C%C%).@ — 516 A3y — (C'%C'zél + C'152143))72

—€162(51620, +¢15,00)y3 + B3ci1¢, + wo(c155¢3 + 5153) Az
Here, we use the short-hand notations

c1 = cosb, ¢y = cos6s, c3 = cos 63, s1 = sin 6,

S, = sinb,, §3 = sin b, A} =0, — 5,05 — wyC253

Ay = Cléz + 316'293 — wy(cic3 + 515283)
Ay = —3192 + 6'16'293 — wo(c15283 — §1€3)
B, = 0)0(323392 - C'26'39.3)
By = ayl(s163 — ¢ 3233)91 - 316'23392 + (c185 — 31326'3)93]
By = wol(cic3 + 515:83)0) — c1C283605 — (8153 + €152¢3)653]
y= » yl" =0/
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